Abstract. We study the behavior of the Iwasawa invariants of the Iwasawa modules which appear in Kato's main conjecture without p-adic L-functions under congruences. It generalizes the work of Greenberg-Vatsal, Emerton-Pollack-Weston, B.D. Kim, Greenberg-IovitaPollack, and one of us simultaneously. As a consequence, we establish the propagation of Kato's main conjecture for modular forms of higher weight at arbitrary good prime under the assumption on the mod p non-vanishing of Kato's zeta elements. The application to the ± and ♯/♭-Iwasawa theory for modular forms is also discussed.
1. Introduction 1.1. Overview. In Iwasawa theory for elliptic curves and modular forms, the techniques of congruences of modular forms has played important roles. Especially, in their ground-breaking work [GV00] , Greenberg and Vatsal observed that both algebraic and analytic Iwasawa invariants of elliptic curves with good ordinary reduction over the cyclotomic Z p -extension Q ∞ of Q can be described in terms of the information of the residual representations and the local behavior at bad reduction primes under the µ = 0 assumption. As a consequence, it is proved that the Iwasawa main conjecture for a modular form implies the Iwasawa main conjecture for all congruent forms when one-sided divisibility is given and µ = 0. This fundamental idea has generalized to a variety of settings including Hida families, elliptic curves with supersingular reduction with a p = 0, arbitrary Z p -extensions including anticyclotomic Z p -extensions of imaginary quadratic fields with and without Heegner hypothesis, modular forms at non-ordinary primes, and their mixtures.
In this article, we give a rather different and unified approach to realize the idea of GreenbergVatsal for modular forms of higher weight at arbitrary good primes over the full cyclotomic extension Q(ζ p ∞ ) of Q. In order to do this, we directly work with Kato's zeta elements and Kato's main conjecture without p-adic L-functions [Kat04] . As corollaries, we can prove Greenberg-Vatsal type results for both good ordinary and non-ordinary cases simultaneously including ±-Iwasawa theoryà la Kobayashi-Pollack [Kob03, Pol03] and Lei [Lei11] and ♯/♭-Iwasawa theoryà la Sprung [Spr12] and Lei-Loeffler-Zerbes [LLZ10] . Note that the construction of integral p-adic L-functions of modular forms depends genuinely on the reduction type and we do not have to consider this issue at all.
The key ingredients include an extensive use of the localization exact sequence inétale cohomology as well as the mod p multiplicity one and Ihara's lemma. Since Fontaine-Laffaille theory is implicitly used to obtain the mod p multiplicity one and Ihara's lemma, the weight k of modular forms we consider satisfies 2 ≤ k ≤ p − 1.
We also point out where the classical argument breaks down and how to overcome this obstruction. In the argument of Greenberg-Vatsal and its successors, the relevant Selmer group over the Iwasawa algebra has no proper Iwasawa submodule of finite index and it is essentially used to reveal the following phenomenon.
Let f be a newform, ρ f the residual representation, and Σ a finite set of primes including all bad reduction primes. In both algebraic and analytic sides, we have the following equality (whatever they mean):
" λ-invariant of f = λ-invariant of ρ f + ℓ∈Σ λ-invariant of the local behavior of f at ℓ" when µ = 0. In our setting, we do not expect that the relevant Iwasawa modules have no proper Iwasawa submodule of finite index in general. However, we are still able to prove the following style statement:
Let f be a newform, ρ f the residual representation, and Σ a finite set of primes including all bad reduction primes. In both H 2 -side and zeta element side, we have the following equality (whatever they mean):
where f Σ is the Σ-imprimitive form of f (defined in §5.2) when µ = 0. Furthermore, it is still enough to deduce a Greenberg-Vatsal type argument for Kato's main conjecture since we can also show that the "λ-invariant of f Σ " depends only on the residual representation and a choice of Σ.
The following non-exhaustive list shows how much the idea of Greenberg-Vatsal is generalized. (See §1.3 for the difference between Q(ζ p ∞ ) and Q ∞ .)
• In [GV00], elliptic curves with good ordinary reduction over Q ∞ are studied;
• In [EPW06] , Hida families over the full cyclotomic extension Q(ζ p ∞ ) are studied;
• In [Kim09] , elliptic curves with good supersingular reduction (a p = 0) over Q ∞ are studied (the algebraic side only); • In [GIP08] , modular forms of weight two at non-ordinary primes over Q ∞ are studied;
• In [Pon19] , modular forms of higher weight in the Fontaine-Laffaille range at nonordinary primes over Q ∞ are studied (the algebraic side only). Indeed, some of the above work deal with more general Z p -extensions. Our main theorem (Theorem 2.1) covers and strengthens all the above results simultaneously for modular forms of weight k with 2 ≤ k ≤ p − 1 over the full cyclotomic extension Q(ζ p ∞ ).
The rest of this article is organized as follows.
(1) In the rest of this section, we recall the convention of modular Galois representations, Iwasawa cohomology, Kato's zeta elements and the Iwasawa main conjecture without p-adic L-functions closely following [Kat04] .
(2) In §2, we state our main result (Theorem 2.1) and discuss the applications to other types of Iwasawa theory. (3) In §3, we recall the notion of Euler factors in various settings and their Iwasawatheoretic variants. Also, we explicitly prove that the characteristic polynomial of the second local Iwasawa cohomology at ℓ = p is the Iwasawa-theoretic Euler factor at ℓ. (4) In §4, we study the second Iwasawa cohomology and how their Iwasawa invariants vary under congruences. (5) In §5, we study the zeta elements and also how their Iwasawa invariants vary under congruences.
Remark 1.1. We expect the reader is rather familiar with [Kat04] . We freely use the results and notations of [Kat04] . Especially, we follow the notation of [Kat04] with only few exceptions. We use π instead of λ for the uniformizer of coefficient fields in order to avoid the conflict with λ-invariants. We use V f and T f instead of V F λ (f ) and V O λ (f ) for modular Galois representations and their lattices, respectively.
1.2. Galois representations. Let p be an odd prime and f = n≥1 a n (f )q n ∈ S k (Γ 1 (N ), ψ) a newform with (N, p) = 1. We fix embeddings ι p : Q ֒→ Q p and ι ∞ : Q ֒→ C. Let F := Q(a n (f ) : n) and F π := Q p (ι p (a n (f )) : n), and O π ⊆ F π the ring of integers of F π , π a uniformizer of F π , and F be the residue field of F π . Let S be a finite set of places of Q containing the places dividing N p∞ and Q S be the maximal extension of Q unramified outside S. For a field K, denote by G K the absolute Galois group of K. Let
be the (cohomological) π-adic Galois representation associated to f following the convention of [Kat04, §14.10].
1.2.1. Construction. We follow [Kat04, (4.5.1) and §8.3]. Let N ≥ 4 and ̟ : E → Y 1 (N ) the universal elliptic curve over the modular curve and
Zp (H 1 p )), and
where T is the Hecke algebra over Z p faithfully acting on V k,Zp (Y 1 (N )) and ℘ f is the height one prime ideal of T generated by the Hecke eigensystem of f following [Kat04, §6.3]. When N < 4, we are still able to construct Galois representations using the N ≥ 4 case and trace maps.
1.2.2. Properties. More explicitly, ρ f satisfies the following properties:
(1) det(ρ f ) = χ 1−k cyc · ψ −1 where χ cyc is the cyclotomic character; (2) for any prime ℓ not dividing π, we have
where Frob ℓ is the arithmetic Frobenius at ℓ in G Q ℓ /I ℓ and I ℓ is the inertia subgroup of G Q ℓ ; (3) for the prime number p lying under λ, we have
where ϕ is the Frobenius operator acting on D cris (V f ), Fontaine's crystalline Dieudonné module associated to the restriction of V f to G Qp [Fon94] . 
For any Galois module
Then the Euler factor of V f * (r) at ℓ not dividing p is
One can compare this with (1.1) and §3.1. Let R be any p-adic ring including F π , O π , and O π /π i . Then, for any R-module M , we set M * := Hom R (M, R). Also, the torsion part of M is denoted by M tors .
Let ρ : G Q → GL 2 (F) be the residual Galois representation of V f . We assume the following condition throughout this article.
Due to Assumption 1.2, all the content of this article is independent of the choice of a
where Λ i := Λ/(σ − ω i (σ) : σ ∈ ∆) and ω is the Teichmüller character. Let
be the natural maps and we use the same notations for Q n and Q ∞ . Definition 1.3. Let a = 1 or 2, and i ∈ {0, 1, · · · , p − 3, p − 2}.
(1) We define the a-th Iwasawa cohomology for T f (k − r) over Λ by
where
Remark 1.4. We use H a for the extension Q(ζ p ∞ )/Q and H a for the extension Q ∞ /Q.
) is a finitely generated torsion module over Λ i for all
Proof. See [Kat04, Theorem 12.4. (1)].
We fix the notational convention for Galois,étale, and Iwasawa cohomologies (defined without using j * ).
where η is a prime of Q ∞ or Q(ζ p ∞ ) and η n is the prime of Q n or Q(ζ p n ) lying below η, respectively.
1.4.
Kato's zeta elements and the main conjecture. We keep Assumption 1.2 in this subsection. Let
be the module of Kato's zeta elements generated by z
) n where γ runs over T f . Here,
γ appears in [Kat04, Theorem 12.5]. More precisely, there exists a map
Proof. It is a well-known fact. See [KN, Proposition A.12], for example. Definition 1.7. We define the zeta element z Kato (f, k−r) by a generator of Z(f, T f (k−r)), and define (1) Let p be a height one prime ideal of Λ. Then
and We say that the ω i -component of Kato's main conjecture holds if the equality holds for i in the second or equivalently the third statement in Conjecture 1.9.
For a finitely generated torsion 
Main results and applications
2.1. The statement of main theorem. Let p be an odd prime and ρ be the mod p residual representation with conductor N (ρ). Denote by S k (ρ) the set of newforms of weight k such that the residual representation is isomorphic to ρ and p does not divide the levels of the newforms.
Then we have the following statements:
for any f, g ∈ S k (ρ) where Σ is a finite set of primes consisting of bad primes of f and g where E ℓ (f * , −i, r) is the Iwasawa-theoretic Euler factor defined in §3.1. Proof.
(1) It is proved in §5 with Kato's divisibility statement (Theorem 1
The conclusion immediately follows from Corollary 1.12.
Remark 2.2.
(1) The assumption µ 
for some g i (T ) ∈ Λ i due to [Kat04, Theorem 12.4 (
Proof. This is the combination of [Kat04, §17 
Remark 2.5. Note that mod p non-vanishing of Kato's zeta elements is weaker than vanishing of µ-invariants of all the above p-adic L-functions.
Remark 2.6. In the work of Skinner-Urban [SU14] , the (ω 0 -component of the) main conjecture for a large class of elliptic curves and modular forms at good ordinary primes is proved; more precisely, the main conjecture is proved under the following conditions:
• f is good ordinary at p;
• k ≡ 2 (mod p − 1), so only k = 2 is allowed in our setting;
• ψ = 1, so the Nebentypus is trivial;
• i = 0, so Q ∞ /Q is only considered;
• there exists a prime ℓ = p such that ℓ N (ρ). 
where σ ℓ is the arithmetic Frobenius element in Gal(
where σ ℓ is the arithmetic Frobenius element in Gal(Q(ζ p n )/Q). (4) At the level of Iwasawa cohomologies, we define
where σ ℓ is the arithmetic Frobenius element in Gal(Q(ζ p ∞ )/Q) and − : Z × p → 1+pZ p is the projection to 1-units.
Local cohomologies. Let
• ℓ be a prime different from p,
• η a prime of Q ∞ lying above ℓ, • s ℓ the number of primes of Q ∞ lying above ℓ, and
, independent of the choice of η.
Let σ η be the arithmetic Frobenius in Gal(Q ∞ /Q) at η and then Gal(Q ∞,η /Q ℓ ) is topologically generated by σ η . Let
be the eigenvalues of Frob
we know that Frob
ℓ ). Since the action of Gal(Q ur ℓ /Q ∞,η ) factors through a finite group of order prime to p, d ℓ is the number of j's such that (α
ℓ ) is a principal unit in F π (α * j ). These are the eigenvalues of σ η acting on H 0 (Q ∞,η , V f * ,−i (r) ⋆ ) counting multiplicities.
We interpret d ℓ in terms of
Then the degree of the polynomial is d ℓ and P ℓ := η|ℓ P η has degree s ℓ · d ℓ . Moreover, we have
Thus, we have the following statement.
where ∼ means a pseudo-isomorphism over Λ i . Here, ι plays the role in the interpolation formula for χ −1 · ω −i , not for χ · ω i .
Remark 3.4. Proposition 3.2 and (3.1) recover [GV00, Proposition 2.4] when f corresponds to an elliptic curve, k = 2, r = 1, and i = 0. In this case, we have
) and ρ f (1) is isomorphic to the Tate module. Thus, the content of this subsection is a very slight extension of [GV00, Proposition 2.4].
The Tate local duality (e.g. [Rub00, Theorem 1.4.1]) implies that
for all n ≥ 1 where η n is the prime of Q n lying below η. By taking the inverse limit of (3.2) with respect to n, we have
). By (3.1) and (3.3), we have
Corollary 3.5. The ideal
The H 2 -side
Let S be a finite set of places of Q containing the primes dividing pN and the infinite place and Q S the maximal extension of Q unramified outside S. Let S ′ = S \ {p, ∞}.
Proposition 4.1 (Kurihara).
(1) The canonical mapping
is exact as Λ-modules.
Remark 4.2.
(1) The first statement is given in [Kob03, Proposition 7.1.i)] and [Kur02, §6] using the localization sequence ofétale cohomology. We give a direct proof of both statements using the same method.
(2) Proposition 4.1. (2) is an analogue of [GV00, Proposition 2.1]. However, the Λ-torsionness of H 2 (j * T f (k − r)) (Theorem 1.5) is not required in this setting.
Proof. We use j instead of j n here for notational convenience. Consider the Leray spectral sequence
and then the low-degree terms of the spectral sequence induces the following localization exact sequence inétale cohomology
→ H outside p and the infinite places is 2, the above exact sequence becomes
where η n is a prime of Q(ζ p n ) dividing ℓ. Thus, we obtain the conclusion.
Since H 2 (j * T f,i (k −r)) is a finitely generated torsion Λ i -module (Theorem 1.5) and the local H 2 's are also finitely generated torsion Λ i -modules as in Corollary 3.5, H 2 Iw (Q S /Q ∞ , T f,i (k−r)) is also a finitely generated torsion Λ i -module due to Proposition 4. 
Proof. The both statements immediately follow from (4.1) and Corollary 3.5. ] by removing these conditions in some sense. As a cost, it is unclear to observe that the Iwasawa invariants of these Iwasawa modules depend only on the residual representation and the local behavior at bad reduction primes. Indeed, it is not true, but we are still able to control these Iwasawa modules under congruences. See Proposition 4.6. The real cost is described in Remark 4.7.
For any Σ ⊆ S ′ = S \ {p, ∞}, we define the Σ-imprimitive version of H 2 (j * T f,i (k − r)) by the following exact sequence
Applying the same argument to H 2,Σ (j * T f,i (k − r)), we obtain the following statements.
Proposition 4.5.
The following statement yields a partial affirmative answer to Remark 4.4.
depends only on ρ and S.
Proof. Since p is odd and Gal(Q S /Q n ) has p-cohomological dimension 2, we have an isomorphism
Taking the inverse limit, we have
Thus, the conclusion immediately follows.
Proof of Theorem 2.1.(3). Now we pin down Σ = S
where Proposition 4.5 applies the first two and Proposition 4.6 (under the µ = 0 assumption) applies to the last. Applying Proposition 4.3 again, we obtain Theorem 2.1.(3).
Remark 4.7. In [GV00] and its various successors, it is essential to identify the λ-invariants of Selmer groups over the Iwasawa algebra and their Z p -coranks (under the µ = 0 assumption) to apply the congruence argument in an appropriate setting. In order to do this, one needs to prove that Sel(Q ∞ , A f,0 (1)) ∨ (or its variant) has no nonzero finite Λ 0 -submodule. See [GV00, Propositions 2.5 and 2.8] for detail. In our setting, we do not expect such a statement (for H 2 (j * T f,i (k − r))) holds in general as described in Remark 4.4. A similar flavor can also be found in [Hac11] . Without this kind of result, we are not able to deduce that H 2 (j * T f,i (k − r)) has the (same) minimal λ-invariant in S k (ρ) when the level of f is minimal. See [EPW06, Theorem 4.3.4] and [PW11, Theorem 7.1], for example.
5. The zeta element side 5.1. Σ-imprimitive zeta elements. We pin down Σ = S ′ . Recall
in Definition 1.7. We define the Σ-imprimitive zeta element of z Kato (f, i, k − r) by by Corollary 3.5.
5.2. Easy reduction of congruences between zeta elements. Let f = n≥1 a n (f )q n ∈ S k (Γ 1 (N f )) and g = n≥1 a n (g)q n ∈ S k (Γ 1 (N g )) be newforms of weight k ≥ 2. Let Σ be the set of finite places dividing N f and N g . We put
Then f Σ = n≥1 a n (f Σ )q n := (n,N Σ )=1 a n (f )q n , g Σ = n≥1 a n (g Σ )q n := (n,N Σ )=1 a n (g)q n .
are Σ-imprimitive eigenforms in S k (Γ 1 (N Σ )). Following [Kat04, §13.9], we are able to write
in V f Σ and V g Σ , respectively. Under Assumption 1.2, the equalities hold in T f Σ and T g Σ , respectively, due to [Kat04, §13.8 and §13.12]. See also [Kat04, Theorem 13.6] for the integrality of δ(f Σ , j i , α i ) ± and δ(g Σ , j i , α i ) ± for i = 1, 2.
Lemma 5.1. If γ f Σ ∈ T f Σ and γ g Σ ∈ T g Σ coincide in ρ, then
Proof. We have
where both equalities follow from the mod p multiplicity one. See [FJ95] , [Vat99] , [Vat13] for detail. Note that the equalities are genuine equalities, not just isomorphisms. By (5.2), we have p n (g Σ , r, r ′ , ξ, pN Σ ) coincide in H 1 (Z[ζ p n , 1/p], j * ρ(k − r)) for all n ≥ 1. 5.3. f Σ and g Σ . We discuss the congruence between two eigenforms of the same level.
By the congruence, we have
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